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Abstract- A new type of inventory model using the so called “Setting the Clock Back to Zero” (SCBZ) property
is analyzed in this paper. Base Stock system for patient customers is a special type of ordering mechanism in
inventory control theory. The inventory process begins with an initial inventory of B units. Whenever a
customer’s order for ‘r’ units is received, an inventory replenishment order of ‘r’ units is placed. Replenishment
orders are fulfilled after the lead time L. If the demand exceeds the stock on hand, then assume that the customer
will not cancel the order but await the arrival of sufficient stock. Here we assume that L is a random variable and
it satisfies the SCBZ property and so the distribution undergoes a parametric change after the truncation point.
Assuming that the truncation point is a random variable which has the mixed exponential distribution, the

optimal value of Base Stock is derived.

Index Terms- Base Stock, Lead time, SCBZ property and Truncation point.

1. INTRODUCTION

In inventory control theory, the very famous Base
Stock system for patient customers is an important
model and these models have been discussed by many
authors. Base Stock system for patient customers in
inventory control theory is an interesting method of
ordering mechanism. The inventory initially begins
with ‘B’ number of units. Whenever a customer order
for ‘r’ units is received, an inventory replenishment
order for ‘r’ wunits is placed immediately.
Replenishment orders are filled after the lead time ‘L.
The customer’s demand is met with as far as possible
from the supply on hand. If the total unfilled
customer’s demand surplus the supply on hand, then
assume that the customer will not cancel the orders but
the customers wait till their requirement is fulfilled.
The sum of inventory on hand and order placed is
constant in time and equal to ‘B’, called as Base
Stock. The detailed study of the Base Stock system for
patient customers has been discussed by Gaver[1].

The very basic model had been discussed by
Hanssman[2]. Ramanarayanan et.al[5] have discussed
the model in which the lead time was assumed to be a
random variable. Sachithanantham et. al[6] have
discussed the modified version of the Base Stock
model in which the lead time was assumed to be a
random variable and which satisfies the so called
Setting the Clock Back to Zero (SCBZ) property. In
the sense that after the truncation point the lead time
takes parametric change. The change point known as
the truncation point and is also assumed to be a

random variable and based on these assumptions,
optimal Base Stock has been obtained. The concept of
SCBZ property was basically discussed by RajaRao
and Talwalker[4] . Henry et. al[3] have discussed the
Base Stock model with the assumption that the lead
time random variable has the SCBZ property and
assuming that the truncation point itself a random
variable which follows exponential distribution. Based
on these assumptions the optimal Base Stock has been
obtained.

In this paper, it is assumed that the lead time random
variable follows exponential distribution which
satisfies the SCBZ property and the change point is
itself a random variable which has the mixed
exponential distribution. Under this assumption, the
optimal Base Stock is obtained.

2. PROBLEM FORMATION

Consider the Base Stock system, in which let X be the
amount of demand during the lead time L. If f(x) is
the probability density function of demand, then the
Expected cost per unit time of overages and shortages
attributed to the inventory on ground is

B
E(C) = h f (B = X) F(x)dx
0
+ df (X —B) f(x)dx
B

Therefore the optimal Base Stock B, can be obtained

by using dZ—;C) = 0. It follows that F(B) = 2~ (2.1)

h+d

428


mailto:sachin7676@yahoo.com1
mailto:rjm.maths@gmail.com

International Journal of Research in Advent Technology, Vol.6, No.5, May 2018
E-ISSN: 2321-9637
Available online at www.ijrat.org

Here F(x) is distribution of f(x).
If there are N demand epochs during L and N is a random variable then the probability that there are exactly ‘n’
demand during L is

P[N =n/L] = G,(L) — G, (L) [from the renewal theory arguments]
Let X be the total demand during L, say X = X;+Xo+ .....+Xy, then the total demand is at the most X, during L,
is given by

PIX <x] = ZP[X1+X2+-~+XnSx/N=n].P(N=n/L)

n=0

= E;?:O[Gn(lf) - Gn+1(L)] . Fn(x)
Therefore, the expected cost is,

B ©
E(C)=hf (B—X)dP(XSx)+dJ (X —-B)dP(X <x)

Thus the optimal Base Stock is given by

F(B) =—"==PlX < B]

Hence, .5 = X7.o[Ga(L) = Gy (L)]. Fu(B) (2.2)
In the above, we assume that the lead time L be a continuous random variable with probability density
function K(.). For the sake of convenience, take L=Y.

Therefore the optimal Base Stock is given by

2 Fu(B) j [6a(L) ~ Gran (DIk(y)dy = % (2.3)

n=1

2.1. NOTATIONS

B The Base Stock level.

L A random variable denoting the lead time with the pdf is k(.).

U Random variable denoting the inter-arrival times between successive demands during the lead time
with Pdf g(.) and cdf G(.).

A : Parameter of inter arrival time distribution.

G,(.) : Then" convolution of G(.).

Xi : Arandom variable denoting the magnitude of demand at the i"" demand epoch with pdf f(.) and F(.)
is the cdf and X; ~exp (1), i=1,2,3,.....n.

V] . Parameter of demand distribution.

F«() : Thek™ convolution of F(.).

h : Inventory holding cost / unit / time.

d . Shortage cost / unit / time.

2.2. DEFINITIONS AND ASSUMPTIONS

2.2.2. Definition

Setting the Clock Back to Zero property (SCBZ property)

The special property known as Setting the Clock Back to Zero property (SCBZ property) is due to
RajaRao. B and Talwaker!. The family of life distributions { £ (x,6), x >0, 6 € Q } is said to have be ¢ SCBZ
property’ is the form of f(x, 8) remains unchanged except for value of the parameter.

i.e., f(x,0) — f(x,8%) where 8% Q
Under the following three operations
(i) Truncating original distribution of some point X, >0
(ii) Considering the observable distribution for life time X > X, and
(iiif) Changing the origin by means of the transformation given by X; = —X, , X; > 0, where X, is a Truncation
point.
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2.2.2. Assumptions

1. The lead time is continuous random variable and its probability density function undergoes a parametric
change(SCBZ property) after the truncation point. Here the pdf of lead time random variable is
exponential which takes the parametric change.

e, [ ={ f(x,0) = ee—_‘”i ~ ,if'XSXO
f(x,0%) =0*e 0 x ex0(0™-0) if x > X,
Where X, is a Truncation point.

2. The truncation point is a random variable, which follows the mixed exponential distribution with
parameter t and §.

Here, f(x) =f(x,0)P(X <Xy)+ f(x,0") P(X > X,)

3. The inter-arrival times between successive demand epochs are i.i.d random variables and are assumed
to be followed as exponential with parameter A.

3. MAIN RESULTS

In this section, we discuss the approach to determine optimal Base Stock inventory under the assumptions that
the lead time random variable follows exponential distribution, which satisfies the so called SCBZ property and
it is also assumed that the truncation point itself a random variable, which has the mixed exponential distribution
with parameters t and . In this model, it is assumed that the lead time random variable follows an exponential
distribution, which satisfies the so called SCBZ property and it is also assumed that the truncation point itself a
random variable which has the mixed exponential distribution with parameter t and 6. The SCBZ property,
basically is discussed by RajaRao Talwaker™.Under the said assumptions the optimal Base Stock is given in
equation (2.3) as

d B ®© 3.3
ek E F,(B) { fo [Go(Y) — Grea (VK (Y)dy} 33)
"(e-0v ifY <y
K(y) = {g*e—e*y e¥o@'=0) ify > y(:]

Here the truncation point Y is a random variable which follows mixed exponential distribution and thus,
K@) =K(y,6)P(Y <yo) +K(y,0") P(Y > )

K(y) = 0e ™ P(Y < y5) + 0%e 07 " =0p(y > y,)
f (o) = Bre™0 + (1 — B)oe™"
~ P < y%2 =Py, =Y)

= [ ronan
y

=Be "+ (1—pe
y
“KO)=0e (e +(1-Pe %)+ f 8*e=0 Ve @ -0 (B e~ + (1 — p)8e~870)dy,
0

y
=0e (e Y+ (1-Pe %)+ B*e‘e*yf e¥o(0"=0) g0y,
0

y
+60%e Y1 - ,B)SJ- e¥0(0"=0) =80y
y 0 y
=A+ Q*e‘g*yrﬂj e¥o0"=0-0qy . 4 *e~0"Y (1 — [)’)SJ e¥o(0"=6-8) gy,
0 0

y y

=A+ B*e_e*yrﬁf e Vo+T=07dy 4 g*e 0Y(1 - ,8)8[ e~ Yo(0+8-6) gy,
0 0

e—y0(9+‘t—6*) y

e~ Yo(6+8-0%) 1Y
—-B+Tt—06") o ]

= A+t [ S CFTD)

+0%e"9Y(1-B)s [

0
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— R _ ,=y(6+1-6%)
=4+ Ge )[1 e |+

where A= 6 e‘ey(ﬁe‘Ty + (1 —B)e %)

. 1— -y(0+1-6%) (1 _ )8 .
KOy =Avore {{ﬁr((é) +er D) )} R [j 6 {1 —em(Orom0 )}}

0*e0Y(1—B)6

@vs—gy L]

Equation (3) becomes

oo}

d (o)
T ds F,(B) { jo [G(Y) = Gpi (V] le e (Be~ ™+ (1—pBe ™)
X 1— —-y(6+1t-0%) (1 _ )8 .
+ 9*6—9 y {{ﬁ T((G +et — 6*) )} + (6 + 8 ﬁ 6*) {1 — e_y(9+5—9 )}}“ dy}
(3.4)
= Y EG] [ 16,00 6|0 e (ge + (1 - pe)
h+ d - n 0 n+1

— o V(O+1-6) —
4 gre0y {{ﬁ T(ie +3Ty_ 75 )} + (9(1 . ﬁ)g*) {1- e—y(9+6—9*)}}] dy}

Since U; follows Exponential distribution with parameter 1, G,(y) is the distribution function of U+ U,
+Ust+ ... +U, . Hence G,(y) is the n - fold convolution G(.) and thus G(y) is the distribution function
of Gamma distribution.

n—-1 i
e, G,(y)=1- Z WY -2y
i=o ™

Gn+1(Y) =1-
i=0

= Gn() = Gnia(y) = — e~

2f E, (B) eV [ e % [Be”™ + (1 - Ble ]

o —y(6+1-6%) _
1 ge0"y {[ﬁ T((lg +9Ty_ 75 ) + (9(-1}_ - [j)g*) [1- e—y(6+5—9*)]}] dy

= E Fn(B){j [::'] e"ly9/fe‘9ye‘rydy+j [r}l]'] e™™0(1—ple e dy
0 . 0 .

n=1

©[Ay|teYo*B te 0y ne=AYgrRe=0"Y 1o-¥(O+1-0")
* f f dy

n 0+ 11— @+ t-6%)
(1-p)se* [ [Ay]
6+6-069), n!
(1-p)ser o [Ay]™

(O+6-69), n!

—Aye—e ydy

e—lye—e*ye—y(9+8—9*)dy}

= BBy + Lty = Lt = ] (35)

n=1
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Consider /1"93
I =

f y e y(l+9+‘r)dy

/1"9[3 Fn+1)
Tl A+6+ Dt
6B
" (A+6+ Dt
_e(1 - ﬁ)f

, = e~ Y(O+0+8) gy,

l"(l 3)9

T F6+o)
A"0"B T - .
- - 7" —-y(A+6%)
fs n! (0 + 1—9*),’;3/6 dy
B 0Bt
CER A bEE
6"t -
I -y(A+6+1)
n!(9+r—9*)f0ye dy
B A6* Bt
T (O+T-6090A+60 + D!
1-p)sean (=«

Jo=—0 77 " n,—y(A+6%)
sTa@+s—09), 7 ° @y

4'=

A1 —pB)s
B+86—09)A+ 0%+t

(1 -pso an [~
- /7" -y (A+65+6)
le=ers-0n), > @y
0 (1 - B)5

TO+6-0)+0+0)nt

[oe]

d mop (-8 "
hvd ZF“(B) [(ue O A0+ @+ T- 00+ 0

n=1

10" Bt m0*(1 - )8
T+t 0 T T (0 +6-0)A+ 0T
6*(1—B)s
(O +6—09(A+0+5)nt

where Byn
BB = | Soymtedy

0
d
h+d

Consider T = fB o)™ y"leHY dy
! o In (A+6+1)nt!

Wty e
_Hﬁf Z(A+9+T)n+1 I'n dy

Aﬂy n-1
Agﬁ# f ).+9+‘E MO, —-uy dy
(/1+9+r)2 (n—1)

3.6
= [Tl + T2+T3 - T4+T5 - TG] ( )
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1-— e_ﬂB(%)

6+1
_ Fo(1—pawn  y" ey
B_zzf I'n Q+9+®Mﬂy
@Awrynt ey
=001 - ﬁ)f Z(/l+6+6)n+1 I'n dy

1—e" B(m)]

A6B
A+06+71)

T1=

_ 01 -p)
2_u+9+®

T f o (A" yrte Y p
3 Im A+ i@+t—69"
. Gy e
=0 Tﬁf Z(A+9 N6+ =8 Tn °
n=1

_ At —MB%;*
B=0re0@+i=0") [1 -t )]

(CEX))

7 " ep ()" yriew
T4 = f dy
o I'n A+0+)1(O +1—6%)
n=1

_ A6*TBu le_”y(xigir)]
(A+9+ﬂ%9+r—$)_utgi)o
_ 207t .
+= (/1+9+T)(e+r—9*)(e+r)[ —¢
BA-p [ -us(;;)]
—e
A+069)0+6-06%
A80°(1 = f) 1 — e #EGass)
a+9+8X9+8—mX9+®[ ]

—MB(%)]

T5 =

T6=

168

h+d

Thus,

i

A+060+1)

1 — e #E(irovs)

6+

1— e 8(ow) 201 —p)
©+0 N G+e+0)

{ B '1 B e_#s(lf;*)'}
{ ]

—+

@A+690+1-06|
107t 1
B (/1+0+1')(9+T—9*)(9+t)[

{ 28(1 = p) '1_9-,‘3(%;*)'}

O+t
- e_”B(A+6+r

+

A+069)0O+86—-067
A80*(1 - pB) [1 - 9+5

A+ 6+8)(O0+8-67)(0+0)
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)

7
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4 (s [1 - e‘”B(%)] o A(1-B) [1 _ eﬂ”(%)] 5o
h+d ) @+0A+0+1 {9_(9+r—9*)}+ G+8)(A+6+5) 9_(9+6—9*)}

4_

(3.7)

o
(2 [1 - e_”B(W>]\I

4 $ B 4 8(1-p)

| 1+06) | @+t—06") (B+6—-06%

The above derived equation for optimal Base Stock can be stated as the following theorem.

Theorem The optimal Base Stock B can be obtained in the equation 3.7 when the probability density function of
continuous lead time random variable satisfies SCBZ property under the assumption that the truncation point is
also a random variable which follows mixed exponential distribution with parameter T and o.

Corollary If the pdf of continuous lead time random variable is exponential and which satisfies the SCBZ
property under the assumptions that the truncation point is also a random variable which follows mixed
exponential distribution with parameter t and .

Then the optimal base stock B is

_6"uB
d A ,L_e* 0+1 AT [1 —e A+9*:|
= 6 — ] [1 — e‘”B(m)] +
h+d A+7+0)(T+0) (t+6-06% A+06-09UA1+67

The above result can also be obtained from the equation (3.7), When f = 1.

4. PROPERTIES OF OPTIMAL BASE STOCK

Let the equation 3.7 be denoted as A (.).

4.1. Case (i)

The variations of optimal value of B for the changes in the values of ‘h’ is
6+t 0+8

o (w [1_e—ﬂ3(m)] e 21-p) [1—e‘“3(m)] so°
AW =1 )V G+ o0 0+ D {9_(9+r—9*)} CEDETED) {H"W}
. /1[1—3_”3(@)] B 5(1—B)
A+069 O+t1—-0) (O+6—0"
And
ACh) — d AB [1 —e_”B(%)] , 01 A1 - pB) [1 _e—HB(%)] ; 50°
()_h1+d_ G+DA+6+1) { _(9+‘r—9*)}+ O+8)A+6+56) { _m}

A1 - o)

+ aA+0)

B 8(1-8)
O+t—6") (6+6-06%

Therefore A(h) — A(h,) = ndﬁ - hia

Since h < hy, A(h) — A(hy) >0
Which implies that A(h) > A(h,) , for all h < h,of holding cost.

For the fixed values of h, d, 4, B8, i, 6, 6%, T and 3, the optimal value of B, can be obtained.

For d=3, 1=2, =0.5, =1, 6=1.5, 0*=1, p=1.5, the optimal value of B is obtained and the variations in B for the
changes in the value of h.
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B 1.6207 0.877 0.604 0.461

4.2. Case (ii)

The variations of optimal value of B for the changes in the values of ‘d’ is
¢ [ [1-eGE] oe A= g) [1 - e G55)] 50°
A(h)_h+al_ G+0Q+6+10) {a_(9+r—9*)}+ (6+8)(A+6+56) {0_(9+5—9*)}

i [1 - e“‘B(A%)] { i 51— p) }

G+0) (G+c-0) (6+5-0)

And

0+8

A - d, {,w [1 - eua(ﬁl)]} {0 o' } ) {/1(1 —B) [1 - eus(m)]} {9 50" }

h+d, |(0+00+0+0 (U (0+t-09) (6+8)(1+0+8) (6+5-106)
l[l—e_”ﬂ(m)] - 5(1 - p)
G+0) (6+7-0) (@+6-06)

+
dq dy
Therefore A(d) — A(dy) = =
_(h+d)d—di(h+d)
T (h+dph+d)
h(d —d
A(d) - A(dy) = - d) d<d;

(h+d)(h+d)’
A(d) < A(d,), whend < d,

That is when the shortage cost increases, the optimal Base Stock also increases.

For h=5, 1=2, p=0.5, =1, 6=1.5, *=1, u=1.5, the optimal value of B is obtained and the variations in B for the

changes in the value of d.

d 3 5 7 9
B 1.6207 2.516 3.383 4.297
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4.3. Case (iii)
The variations of optimal value of Bfor the changes in the values of ‘A’ is

6+t

A [1 - e_”B(zi%)] el [1 - e_”B(11+9+r)]

Q+6+1) (A +6+1)

(0+1-6)

50" (1-p) |4 [1 — e_”B(%)] A [1 - e‘”(afig)r
+{ _(9+8—9*)}(9+8) (A+60+8) (L, +6+0)
)

1 [1 - e_”B(%)] 1 [1 _ e_”B(hg:a*)_

+{ ¥, 6(1—3)} ~
O+t-06) (6+8-0") (1+0) (1, +69)

* 211 = -2 411 = -f(21)
AG) - AQGhy) = —> {e— T } (1= O] 1o
(6+1) O+t-0)) | A+6+1) (A +60+1)
{ 50" }(1 ) (A1 -=eP] a1 -]
O Grs-0)(0+0) | Gr0+8)  (n+0+0
95 8(1-p) /1[1 - e_f(’l)] M [1 - e_f(’ll)]

Ner-0) " Grs-) |  Gre) G+

Since e is decreasing function, hence e ~/(%1) < e~F® thus
A1) —A(1,) <0, forall 1< 2.

For h=5, d=3, p=0.5, 7=1, 6=1.5, 0* = 1, u =1.5, the optimal value of B is obtained and the variations in B for the
changes in the value of A.

A 2 2.5 3 3.5
B 1.6207 1.793 1.986 2.191
4.4. Case (iv)

The variations of optimal value of Bfor the changes in the values of ‘u’ is
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AW - A(ny) = {

28 9"t
(9+T)u+e+r)}{9‘(e+t_e)

JJi-

{ A1 -p)

6+r 9+(
B /1+9+1 [1 e “HB A+9+r:|

* (9+6)(/1+9+6)}{9 (9+5—9) [[1—9“ ;;5] [ A:%]]

2 [1 - e"‘B(A%)]

(1+0Y)

{(0 ek <5f;_’3>} “l -] - i - (_)”

Since e is decreasing function , hence e~/ (#1) < =/, thus
A@w) - A(py) <0

AGw) > Aw,)
For h=5, d=3, 1=2, p=0.5, =1, 6=1.5, 6*=1, the optimal value of B is obtained and the variations in B for the

changes in the value of p.

u 1.5 2 25 3

B 1.6207 1.216 0.972 0.81

5. CONCLUSION

From the tables and graphs, it is observed that,

As the holding cost (h) increases, the optimal
Base Stock B decreases.

As the shortage cost (d) increases, the
optimal Base Stock B increases.

As A, the parameter of inter arrival time
distribution increases, the optimal Base Stock B
decreases.

As |, the parameter of demand distribution
increases, the optimal Base Stock B increases.
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